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PLASTIC STRESS-STRAIN FIELDS AND LIMIT
LOADS OF A PLANE STRAIN CRACKED

TENSILE PANEL WITH A MISMATCHED WELDED
JOINT
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Abstract-The construction of slip-line fields for a centre crack in a tensile panel with a mismatched
welded joint will be discussed, from which expressions of the limit load and the constraint state
around the crack tip will be derived in an analytical formulation. Based on these solutions the crack
driving force of a structure with a cracked mismatched welded joint can be predicted using the
procedure of ETM-MM (Engineering Treatment Model, extended for mismatched cracked struc­
tures). The theoretical solutions have been verified by 2D finite element calculations. Copyright
IQ 1996 Elsevier Science Ltd.
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maximum plastic shear strain
crack tip opening displacement, defined as the displacement of two points at the initial crack tip
with 5 mm total gauge length
(j, = 65 Y when F = F y for homogeneous material
(j5 = 65 YL when F = F YL for mismatched CCT
65 = (j5YM when F = F YM for mismatched CCT
displacement at both ends of a CCT panel
constant, in plane strain state: f3 = 6; in plane stress: f3 = 2
strain components (i,j = 1,2)
angle between an (f. slip-line and the horizontal direction
polar co-ordinates
equivalent von Mises stress
stress components (i,j = 1,2,3)
mean stress; in plane strain condition, (Jm equals the triaxial stress
yield stress of base (B) and weld (W) material, respectively

half crack length
shear yield stress
hardening exponents of base (B) and weld (W) material, respectively
mismatching hardening exponents at net-section yielding stage
mismatching hardening exponents at global yielding stage
polar coordinates
Cartesian coordinates
displacement components (i = 1,2)
velocity components (i = 1,2)
elastic modulus
applied load for unit thickness
limit load for a homogeneous specimen with unit thickness
the load characterising the beginning of local yielding, per unit thickness
limit load for a unit thickness cracked tensile panel with a mismatched joint
limit load for the specimen made of homogeneous weld metal
limit load for the specimen made of homogeneous base material
half height of centred weld metal strip
effective stress intensity factor, with plastic zone size correction
mismatching, M = (JYW!(JYB

constraint parameter at crack tip
traction force on a body surface
half width of CCT panel

centre crack tension panel
Engineering Treatment Model for Mismatched Structures
crack tip opening displacement.
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I. INTRODUCTION

Structures with mismatched welded joints are widely used in engineering application. Here,
mismatch means that the weld metal and base material are different in yield stress and in
hardening properties. The difference in elastic modulus or Possion's ratio is also possible.
But the crack problems of sandwich-like configurations under elastic conditions have
already been extensively discussed in the field of composites or interface problems, and for
engineering structures, such as bridges, offshore equipment, piping and pressure vessels,
the difference in the elastic modulus or Possion's ratio is usually small. Thus, in the present
work, we focus on the mismatch problem under elastic-plastic and plane strain conditions.

Generally speaking, an actual welded joint is very complicated, both metallurgically
and mechanically. For simplification, in the following analysis the effects of heat affected
zones, residual stresses or other kinds of heterogeneity are omitted, and the real welded
joint is modelled as a sandwich-like bi-material system as shown in Fig. 1. Both materials
have the same elastic modulus and Possion's ratio but the yield stress in the weld material
is lower or higher than that in the base material, and this is denoted usually as under- or
overmatching, respectively.

For the configuration of Fig. 1, the following questions are of interest:

-How to calculate the crack driving force from elastic to fully plastic condition?
-How to estimate the degree of constraint around the crack tip?

For homogeneous materials several methods (Kumar et al. (1931), Dowling and
Townley (1975), Schwalbe and Cornec (1991)) are available for estimating the crack driving
force. Mismatching may change the monotonicity of the loading process so that under this
condition the procedures for homogeneous materials may require alterations. Recently, a
substantial body of research work has been reported for the crack problem in mismatched
welded joints. For the case that the yield stress of weld metal is far smaller than that in the
base material (extreme undermatching), the numerical analysis ofVarias et al. (1991) has
revealed that in small scale yielding conditions the undermatching changes the stress state
around a crack tip, as compared to the homogeneous case. A high triaxial stress peak has
been observed at a point with a distance of several times the undermatched layer height
ahead of the crack tip and a formula for estimating the stress intensity factor has been
suggested (Varias et al., 1991). In the field of engineering application, based on the assump­
tion that the i-integral is path-independent, the effect of mismatching on the crack driving
force has been investigated by means of finite element analyses within the frame of defor­
mation plasticity theory (Dong and Gordon, 1990, Zhang et al., 1989), and for specimens
with various geometries and degrees of mismatching. In the field of experimental deter­
minations of the i-integral, the effect of mismatch on the /l-factor for bending specimens

F = 2Wooo

base metal

2L

2W

base metal

Fig. I. Configuration of a CCT panel with a central weld strip.
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has been studied (Kirk and Dodds, 1992) and a procedure for estimating the I-integral
from the measured CMOD has been developed by Gordon and Wang (1993). Combining
FE and the slip-line analyses for homogeneous cases the limit load of a bending con­
figuration has been suggested by Joch et al. (1993). A slip-line analysis for CCT con­
figuration with an undermatched welded joint has been carried out by Hao et al. (1991).
Experimental work in this field has also been reported. For example, the fracture behaviour
of various structures with cracked mismatched welded joints, in which the location and
orientation of the crack are different, has been investigated (Ko~ak et ai., 1988, 1990,
Petrovski and Ko~ak, 1994, Denys, 1991, Toyoda et ai., 1994, Thaulow et ai., 1994). All
results demonstrate that both the degree of mismatching and the geometrical parameters,
such as weld strip height and crack location, have strong effects on the behaviour of the
crack driving force and the fracture resistance. Since many different parameters are involved
in the mismatch problem, research work is usually performed case by case for given material
properties and geometry. However, for engineering application a more general solution is
needed, based on methods such as those (Kumar et ai., 1981, Dowling and Townley, 1975,
Schwalbe and Cornec, 1991) derived for homogeneous materials. With this aim, the authors'
research group has carried out a comprehensive experimental (Ko~ak et ai., 1988) and
analytical research program (Hao et ai., 1991).

Basic studies of mismatch effects are often performed on tensile loaded plates con­
taining a welded joint, but actually this welded joint is idealised as a homogeneous strip, as
depicted in Fig. 1. For the homogeneous case the analysis is as follows: when the load is
below the limit load of the structure, the elastic analysis with a small-scale yielding modi­
fication is used; when the load level is beyond the limit load, the post-yield analysis is used
according to the hardening property of the material. As a transition point, the limit load
represents the end of the small-scale yielding state and governs the crack behaviour in the
post-yielding region. For homogeneous materials, a number of limit load solutions for
various geometric configurations have been derived using the plastic slip-line theory. No
such solutions have been reported so far for heterogeneous cases. This is because the
slip-line theory has been derived for homogeneous conditions; furthermore, the physical
meaning of a "limit load" for a heterogeneous material still has to be defined.

A series of finite element analysis (Hao et ai., 1994a, 1994b, 1994c) have been performed
for the configuration shown in Fig. 1, which is in relation to the work reported in the
present paper. A typical example of the crack driving force curve is shown as the solid
points in Fig. 2, from which one can clearly see that there is an explicit "turn point" between
the local yielding and net-section yielding region. The physical meaning of the load level at
this "turn point" is "limit load", symbolising the onset of net-section yielding.
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In fact, in the middle strip in Fig. 1, we may assume that there is no deformation in
the base material if the yield stress of the base material is so high that the plastic strain is
totally confined to the weld metal strip. Then the cracked mismatched structure shown in
Fig. 1 is actually modelled as a mechanical problem of a centre crack in a strip embedded
in a rigid surrounding, which is resolvable analytically by the slip-line theory. If the
difference of the yield stresses is only moderate and the plastic deformation is distributed
over both materials, it is also possible to derive exact or approximate limit load solutions
by using the classical plastic upper- and lower bound theory, with the support of additional
finite element analysis. These are the main tasks that will be discussed in the present work.

The Engineering Treatment Model (ETM) has been developed for assessing the integ­
rity of structures made of homogeneous materials (Schwalbe and Cornec, 1991). Its exten­
sion, ETM-MM, serves for estimating the crack driving force in mismatched welded joints
(Schwalbe, 1992, Schwalbe et al., 1994, Hao et al., 1994a, 1994d). The structure of the
crack driving force for mismatched conditions can be demonstrated by means of the
example shown in Fig. 2, where the crack-tip opening displacement 15 5 is considered as the
crack driving force. Our previous work (Hao et al., 1994a, 1994b, 1994c) has shown that
the load vs 15 5 relationship can be divided into four different sections forming the elements
of the ETM-MM (see Fig. 2) :

Stage I (small scale yielding): F:(: FYL

where I = 2.5 mm;

(I a)

_ FY.weld •
KI - 0.9FyM '

n . (na) {2 plane stress
K2 = 2- 2+ f3 sm W; f3 = 1 .6 pane stram

Stage II (local yield) : F YL :(: F:(: F YM

(I b)

Stage III (net section yielding) : F YM :(: F

(I c)

State IV (gross section yielding) : This area will not be considered in this paper.
In eqns (Ia--c), F YM represents the net section yield load and FYL the local yield

load, = KFyM, with K ~ 0.5-0.9 depending on geometry and material properties (Hao et

al., 1991, Hao et a/., 1994b, 1994c), nm1 is the hardening exponent characterizing the net
section yielding behaviour (Schwalbe et al., 1994) and E, nw, O'yw and Keffdenote the elastic
modulus, the hardening exponent and the yield stress of the weld metal, and the effective
stress intensity factor, respectively.

By eqns (Ia--c), one can determine the crack driving force of a structure with mis­
matched welded joint if the limit load and material properties are known. In the present
work we focus on the determination of the limit load, based on the slip-line analysis of the
mismatched CCT tensile panel as shown in Fig. 1.

On the other hand, mismatch does not only change the limit load and crack driving
force, it may also have strong effects on the material's fracture behaviour. This is because
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mismatching may alter the stress-strain distribution around a crack tip; different stress­
strain fields may lead to different constraint conditions, which may change the ductile-to­
brittle transition temperature of the structure (Schwalbe et 01., 1994, Kirk et 01., 1991).
Therefore, the condition of constraint at the crack tip is significant for the fracture behav­
iour, and establishing the relationship between geometry, constraint state, load, and
material properties is highly required for engineering applications.

In the present work, the stress-strain field and the constraint conditions of a crack in
a CCT configuration with a centred mismatched welded joint will be investigated, with
particular emphasis on the effects of geometry and degree of mismatching. Based on the
slip-line solutions we will estimate the constraint state around the crack tip, the limit load
as well as the crack driving force in a mismatched structure. In the following section we
will focus first on the case of extreme undermatching. The general solution for the limit
load for undermatching will be discussed in the third section. The case of overmatching
will be shown subsequently. Several analytical expressions for the constraint state at a crack
tip have been obtained and the discussion of the constraint problem for mismatch will be
presented in the fifth section. All theoretical results have been verified by finite element
analyses. Two-dimensional finite element calculations were performed for the configuration
of Fig. 1 with the a/W ratio varying from 0.05 to 0.8 and the H/a ratio from 0.125 to 3
under plane strain condition. A typical finite element mesh is shown in Fig. 3. The finite
element analyses were done using the finite element code ABAQUS on IBM workstations.
The results obtained will be briefly discussed in each section.

Fig. 3. Finite element mesh of the CCT.
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2. SLIP-LINE FIELDS FOR EXTREME UNDERMATCHING

First we define the mismatch factor M

eryW
M=-

er YB

(2)

where er yW, erYB denote the yield stress of weld metal and base material, respectively.
As mentioned in the previous section, when M « 1, only the weld metal strip deforms

plastically. For this "extreme undermatching" condition we assume:

1. the base material is rigid;
2. the weld metal is rigid-perfectly plastic, obeying von-Mises yield criterion;
3. the thickness of the panel is large enough to maintain plane strain condition.

Thus, the slip-line field analysis of the general problem in Fig. 1 is simplified as a finite
width strip with a centre crack under a rigid displacement boundary extension in the plane
strain condition, which can mathematically be expressed as :

at X2 = ±H: when er12 < k U2 = ±Ll, Uj = 0

when erl2 = k U2 = ±Ll ullx,~H+O =1= ullx2~H-'O (3a)

at X2 = ±O and -a:( Xl :( a: ern = er12 = 0

(3b)

(3c)

where y, er and 8 denote displacement, stress and strain components, respectively, the
subscripts 1, 2, 3 denote the component in the corresponding co-ordinate directions; Ll
represents the rigid displacement extension or the rigid displacement of the base material,
k is the shear yield stress.

The plastic flow in this situation can be classified as a non-steady motion problem in
two dimensions according to the classical theory of plasticity (Hill, 1951) and the slip­
line analysis is applicable. Obviously, the ratio (W-a)IH is an important parameter for
constructing the slip-line field. First we investigate the two extreme cases with the ratio
(W - a)IH being very large or very small.

Case I: (W-a)IH < I
In this case the slip line (shear band) begins at the crack tip and stretches to the

traction-free side boundary with 45 degrees declined to the horizontal axis, Fig. 4(a). There
is no additional constraint effect from the base material so that this slip-line field is exactly
the same as in the case of a CCT consisting of homogeneous weld material.

Case 2: (W-a)IH» I
If we change the sign of the upper and lower boundary displacements in eqn (3a), we

obtain another typical classical problem in plastic slip-line theory: the compression of a
perfectly plastic block between rough rigid plates, which has been investigated by Prandtl
(1923) and Prager (1953). For this problem Prandtl (1923) has deduced the slip-line field
in an approximate way as shown in Fig. 5a, in which the corresponding slip lines are
identical cycloids. Prager (1953) has shown that if the ratio WIH (see Fig. 5(a)) is large
enough this result is close to the numerical solution obtained by means of finite differential
method.

Enlightened by the above mentioned Prandtl solution, we may change the sign of the
field in Fig. 5(a) to obtain a slip-line field for a centred crack in the weld metal strip under
tension (Hao et al., 1991) (Fig. 5(b)). Obviously, it offers a displacement compatible field,
and the equilibrium condition in this field has been satisfied as the two groups of identical
cycloids are normal to each other. But if one checks the stress level in the rigid zone near
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a) (W-a)~

1
J

b) H«W-a)~(1+7rl2+..J2)H

c) (1+7rl2+"2)H«W-a)~(1+7rl2+2..J2)H d) (1+7rl2+2..J2)H~(W-a)«3.88+2Jt+"2)H

N

e) (W-a) > (3.88+27t+..J2)H
Fig. 4. Slip-line fIelds for varying (W~a)iH ratios for extreme undermatching.
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a) b)

Fig. 5. (a) The Prandtl solution for the compression loaded rigid block with rough surfaces on
a perfectly rigid-plastic material. (b) First approximate solution of a slip-line field for extreme

undermatching conditions.

Fig. 6. Prandtl field at the crack tip.

the crack tip carefully, one finds that the equivalent stress in this area is higher than the
yield stress, so that this slip-line solution is only a rough estimate and it would lead to a
overestimated limit load as the yielding condition is not satisfied in the rigid zone.

Under small scale yielding conditions for a homogeneous medium, it has been dem­
onstrated (Hutchinson 1968) that for perfectly plastic materials there is another kind of
slip-line field around a crack tip as shown in Fig. 6, which was also deduced by Prandtl and
is commonly named a Prandtl field. But in a homogeneous tensile panel the size of the
Prandtl field is usually very small and its validity is restricted to the immediate vicinity of
the crack tip. This is because the Prandtl field may exist only under the condition of high
constraint resulting from the elastic surrounding zone. In the elastic-plastic or fully plastic
condition, other slip-line fields such as the type in Fig. 4(a) may govern the crack tip, as
the plastic zone has already expanded to the traction-free boundary edge and the high
constraint state around the crack tip has been relaxed.

However, for the case shown in Fig. 1 with large (W - a)jH ratio, the strain gradient
from the crack tip to the traction-free edge is larger than that in the homogeneous case
even if the panel is under fully plastic condition. This is because, due to the extra constraint
of the base material on the slender centred strip, the resistance against plastic flow is
remarkably elevated. Therefore we may assume that under this situation the Prandtl field
may exist at the crack tip, and it may expand further and dominate a large area around the
crack tip even under fully plastic condition. The accompanied finite element results confirm
this assumption and will be shown later. Starting from the solutions in Figs 5(b) and 6,
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the slip-line fields under plane strain condition for the extremely undermatched CCT
configuration with the ratio (W-a)/H > I have been reconstructed as shown in Fig. 4
(b-e), from which one may obtain the entire set of solution of plastic flow, limit load and
the stress distribution in the plastic zone.

Figures 4(c, d, e) are for the case of (W-a)/H» I, in which the Prandtl field begins
at the crack tip and expands to the border of the weld strip, thus the traction-free boundary
condition at the crack surface is satisfied. Towards the ligament the Prandtl field evolves
into the field CDEGH (Fig. 4(d, e» in which one group of slip lines in the area of DEGH
are straight lines, for example, the lines HG or DE. On the traction-free edge of the
ligament, there is a fan-shaped field KNP centred at the end of the interface between base
material and weld metal. By using the procedure introduced by Hill (1951) and Dewhurst
and Collins (1973), it is not difficult to deduce the numerical solution of the slip-line field
in the ligament according to the boundary conditions supplied by the field CDEGH at one
side and the fan-shaped field KNP at the other side. When (W - a) /H is not small, there is
a slip-line field constructed by two orthogonal cycloid families at the middle, which is the
same as the field in Fig. 5(a), and at two sides it connects with another two fields but with
unknown transition fields somewhere in-between.

It should be noted, however, that the transition fields between the different basic slip­
line fields can be omitted and it can be simply assumed that the cycloid field joins directly
the field CDEGH at one side and the fan-shaped field KNP at the other side. In this case
the continuity condition for the remaining slip-line fields is not exactly satisfied but our
analysis indicates that the difference in stresses is less than 5% (see Appendix 2).

On the centre line of the weld strip the orthogonal cycloid fields develop from both
sides and at the point F they join together (see, for example, Fig. 4(e)). With decreasing
ratio (W-a)/Hthe cycloid field at the left side of point F degenerates (see Figs 4(d), 4(c),
4(b), 4(a), sequentially). From the slip-line fields in these figures the stress distribution and
limit load can be determined analytically. Because of the limitation of the paper length, we
introduce only the details of the case shown in Fig. 4(e) as follows.

First we consider the stress distribution in the Prandtl field around the crack tip.
Starting from the fraction-free crack region, denoted ABO in Fig. 4(e), in this region the
yield criterion and the free surface require that the stress field is a homogeneous tensile (or
possibly compression) field parallel to the crack flanks:

(TIl = 2k, (T22 = 0, (T", = k (4a)

where (T", represents the mean stress, i.e., the triaxial stress, which is equal to (T33 for the
incompressible material under plane strain condition.

The stress components in the fan shape region OBCD are

(T =k(1-~-20)'" 2

(TIl = (T",-ksin20, (Tn = (T",+k sin 20, (T12 = kcos20 (4b)

where 0 is the angle between the Xl axis and the tangent direction of the a group slip-lines.
In this fan shape zone 0 = q>-n. For example, for the aline DO q> = n/4, so 0 = -3n/4.
Then in the region ahead of the crack tip, denoted as ODE in Fig. 4(e), the stress system
consists of the simple stress state

(TIl = kn, (Tn = k(2+n), (T", = k(I +n), (Til = O. (4c)

The zone CDEGH is out of the Prandtl field and there is no closed slip-line formulation
like eqns (4(a-e» available. By means of the method introduced in Hill (1951), Dewhurst
and Collins (1973) we have obtained a numerical solution which is listed briefly in the
Appendix 1. However, the stress distribution in this area does not have much influence on
the limit load and on the constraint state at the crack tip.
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The cycloid field EGF is part of the basis slip-line solution of Fig. 5(a), and in the co­
ordinate system {XI. X2} centred at the crack tip the stress components are:

rr 12 = -kG;)

rrm =k(2-J2+n+ ~-Jl-e~Y).

Similarly, the stress distribution in the cycloid field FKP is

rr l 2 = -kG;)

rrm = k(Cs - ~ - RiJ).

(4d)

(4e)

The position of point F and the constant Cs in eqn (4e) are yet unknown. According
to the traction-free boundary condition at the plate's edge and the joint condition with the
field EGF at the point F we have:

in eqn (4e):
W-a

Cs=l+~

at point F: xil F = HW-a+H(J2-I-n)]. (4f)

From eqn (4d) it can be seen that with increasing the value of the Xl co-ordinate the stress
components rrib rr22 as well the triaxial stress rrm are elevated linearly, which can be explained
as the consequence of the high constraint of the base material.

Finally we deal with the fan-shape like field KNP. In this field the stress distribution
is

rr = k(I-28- 3n)
m 2

(4g)

which satisfies the traction-free condition at the panel's edge and the stress connection
condition on the curve KP approximately without regard to the transition zone. In this
case the maximum error in the stress is less than 3% and further details of it are described
in Appendix 2.
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Using the stress distribution just derived, the limit load is now given by
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Up to now we have deduced the complete stress distribution in the weld strip shown in Fig.
4(e). By varying the ratio (W -a)/H and the mismatch factor M the slip-line field varies
also. For extreme undermatching cases, with decreasing ratio (W - a)/H, the cycloid fields
at both sides of the point F shrink and finally degenerate. The corresponding slip-line fields
have also been derived and are shown in Figs 4(d), 4(c), 4(b), 4(a). Using the same analysis
procedure as for Fig. 4(e) the stress distribution and limit load can easily be determined
analytically for the other cases. The related expressions for the limit load will be listed in
Appendix I.

To verify the slip-line fields derived above, a corresponding finite element analysis has
been performed, in which the contours of the maximum plastic shear strain are calculated.
The results match perfectly the slip-line field analysis in Figs 4(c-e).

Figure 7 displays the distributions of the stress components calculated from the slip­
line solutions (e.g. eqns 4a-4g) along the middle line of the ligament in the weld metal. In
this diagram for the case (W - a)/H = 14 the peak point of stress components is the point
F in Fig. 4(e). From eqns 4d-4e one can find also that in the slip-line fields EGF and FKP
the stress a 22 is independent of the X2 co-ordinate, which means: the maximum principal
stress remains a constant in the transverse direction of the weld metal. At the centre line of
the weld strip (X2 = 0) there is always a22 = all +2k. With increasing the value of the X2 co­
ordinate a22 remains constant but all increases. At X2 = H (on the interface) all has the
same value as a22 and am' In the numerical work of composite materials this phenomenon
has also been observed (Varias et al., 1991). Using the slip-line analysis (eqns (4a-f)) we
can calculate the value of the stress peak and its position exactly.

Figures (8a) and (b) illustrate the distribution of stress components around the crack
tip as determined from the finite element calculations, corresponding to the case in Fig.
4(d). It is noteworthy that the distribution in Fig. 8(a) is almost exactly identical to that
predicted by the Prandtl field. This result proves that the assumption suggested above is
realistic for undermatching, i.e., the Prandtl field does not only exist under small-scale
yielding state, under the extremely undermatching condition it may enlarge with loading,
until the load reaches the limit load and the panel exhibits a fully plastic state.

8.0

;;;- 6.0

)
~ 4.0

~
2.0

0.0

-' - cr22/k]
- crrnlk for (W-a)/H=14 ',._.
---- crulk

___ cr22/k for (W-a)/H=5,4

-+- cr22/k for (W-a)/H=3 '
__ cr22/k for (W-a)/H=l

k=2cryw/..J3
-2.0 L-~_'--'---'_-'---L...l- .L....---l

0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0

X1/H
Fig. 7. Stress distribution from the slip-line fields along the middle line of ligament in weld metal

for varying (W-a)/H.
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Extreme Undennatching
F ~ FYW,slip-line

a/W = 0.1; alH ~ 1; r =D.Dl2a

[J CI'I>~CIYW

v CIpp/CIYW

1.00.80.60.4

2

(a)

CP/1t

..................

Extreme
Undermatehing

(W-a)/H =7

~ all. slip-line

• 0'11, finite element

-0- 0'22, slip-line

• 0 22, finite element

o

(e)

a
700 8110

Xl'
![)()() ![)()() 900 8110 700 8110

W-a-Xl'
500 4I1IJ 3:IIJ

H

Fig. 8. (a) Stress distribution from the slip-line field around the crack tip at a fixed distance and the
comparison with the finite element calculation for the case of Fig. 4d. (b) Stress distribution from
the slip-line field on the ligament (X2 = 0) ahead of the crack tip and the comparison with the finite
element calculalion, for the case of Fig. 4d. (c) Contours of the stress distribution (Tn in the weld

metal strip.

Figure 8(b) illustrates the comparison of stress distributions on the ligament, which
are determined by the slip-line solution (Fig. 4(d)) and by the finite element analysis,
respectively. Both techniques yield very similar results. The differences come partly from
the omitted transition fields between the different slip-line fields and perhaps from the
additional elastic constraint, as the slip-line analysis is based on the rigid-perfect plasticity
law and the numerical result (Varias et a!., 1991) indicates that the elastic material properties
may cause the deviation of the stress distribution.
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Fig. 9. Comparison of the limit load derived from the slip-line solution and finite element results
for extreme undermatching condition.

It is noteworthy that in Fig. 8(b) the maximum stress occurs at a point with a certain
distance away from the crack tip. The value of this stress peak is far higher than that at the
crack tip. This is because due to the geometrical constraint from the strong base material
the resistance to plastic flow in the weld metal increases so remarkably that a high triaxial
stress develops in the middle area of the ligament. Using eqns (4(a--e)) the complete
stress distributions, for example, the value of the peak stress and its position are already
determined analytically. Figure 8(c) shows the isolines of 0'22 in the weld strip ahead of a
crack tip. Comparing them with Fig. 4(e) it can be seen clearly that at the point F the stress
reaches its maximum value and in the zones within slip-lines an is almost independent of
the X2 co-ordinate, as indicated by eqns (4(d--e)). Further details of the slip-line systems
presented are described in Appendices I and 2.

Figure 9 shows the comparison of the theoretical prediction of the limit load by eqn
(5) with the finite element results. It can be seen that extreme undermatching leads to a
significant increase ofthe limit load as compared to the case ofa CCT made of homogeneous
metal. This conclusion coincides with the stress distribution shown in Fig. 8(a), because in
the area with strong hydrostatic stress a higher load is needed to reach the global yield
condition.

From previous analysis it is clear that for mismatching cases the effect of geometry is
important since the different geometric parameters cause different degrees of global
constraint, which correspond to distinct deformation models. The CCT configuration with
a through-crack under plane strain condition is often used as a typical case study for
fracture analysis. Further work on 3D conditions and on a surface crack problem (Hao et
al., 1994b, 1994c) have indicated that the solutions of plane strain mismatch CCT con­
figuration provide a fundamental basis for other geometries and have widespread sig­
nificance for application.

3. GENERAL EXPRESSION OF THE LIMIT LOAD FOR UNDERMATCHED TENSION
STRUCTURES

The solutions discussed in the previous section have been derived under the assumption
that the base material is rigid or deforms only elastically so that the plastic deformation is
always confined to the weld metal, which represents extreme undermatching. If the base
material deforms plastically but the mismatch in yield stress, expressed by the factor
M = (a nv/a YB), is very small, the extreme undermatching condition can also hold so that
the slip-line solutions obtained previously are still correct. However, if the ratio M is no
longer very small, but still smaller than unity, i.e., undermatching is still present, the plastic
deformation may extend from the weld strip into the base material as the latter is not strong
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enough to keep the high constraint state for extreme undermatching. For application, the
following two questions are then of interest:

(i) What is the slip-line field for a structure with only a slight undermatching (M close to
I)?

(ii) What is the maximum value of M at the point, where the extreme undermatching
condition is no longer valid?

To answer the first question the slip-line field shown in Fig. IO(a) has been constructed,
hereafter referred to as the penetrating slip-line solution for a CCT configuration. Obviously
it is a kinematically compatible field so that it may lead to an "upper bound solution" of
the limit load (Hill, 1951). The angle ¢ and the stress distribution along the slip line are to
be determined. According to the traction-free edge of the plate the angle ¢ must equal 45
degrees. Assuming that there is a local stress jump on the slip-line at the interface of the
two materials then in both materials the yielding condition can be satisfied. The distribution
of this jump is described in Appendix 4. A more general discussion of the slip-line field in
a bi-material has been given in Hao et al. (1994b). The expression of the limit load for
slight undermatching is

46 Y W [ W-a- H]
F YlI4 ,!Wiiclf'(lrinqshjJ-lillc = r H + M

y3

W-a
valid for~ ~ I. (6)

This expression will be discussed in Appendix 3.
Figure 1O(b) shows the contour of maximum shear strain from finite element cal­

culation for slight undermatching with M = 0.66. The plastic zone spreads through both
materials like the situation of a homogeneous CCT. Figure II compares the limit load from
the finite element analysis and calculated by eqn (6). Both methods yield very similar
results. These results confirm that the penetrating slip-line field illustrated in Fig. 10(a) is
mechanically reasonable for the cases in which the yielding is not confined to the weld strip.

Thus, for a CCT specimen with undermatching weldment, there are two possible
deformation fields: the penetrating slip-line field or the slip-line field confined to the weld
metal as shown in Figs 4(a)-4(e), from which we can obtain two different limit loads. In
the following we will focus on the question: which solution is the realistic one?

It is clear that both kinds of the slip-line fields are kinematically compatible dis­
placement fields. In a kinematically compatible field the displacement boundary condition
and the incompressible condition are always satisfied, but the equilibrium equation or the
yield condition or the force boundary condition may not be satisfied somewhat in the
structure. From the basic variational principle in the classical theory of plasticity (Hill, 1951,
Koiter, 1960), it is well known that for a rigid-perfectly plastic material any kinematically
compatible field leads to an upper-bound solution. This "upper bound theorem" can be
extended to the hi-materials cases if there is no debonding on the interface. Therefore for
the mismatching problem, we deduce the lemma as follows.

For the undermatched CCT specimen as shown in Fig. 1, the slip-line solution, which
leads to a lower limit load, is closer to the true solution than other slip-line fields with
higher limit loads.

Therefore we define the limit load ratio R:

R
_ F YA4,j!('/Wfralillg slip-fi!!/'

- F~~~'\l'eI~/-'\',riP-lil1(, -
(7)

From the lemma mentioned above we can draw the conclusion that for R < I the
penetrating slip-line solution is relevant whereas for R > I the slip-line confined in the weld
strip is valid.

Figure 12 illustrates the dependence of the ratio R on the geometric parameters and
the degree of mismatch. Figure 13 gives an overview of the limit load behaviour of the
mismatched CCT with different HI W ratios and M = 0.5, as compared with the CCT made
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calculations for slight undermatching.

of homogeneous weld metal. The diagram shows that for vanishing H/W-which in fact
means remaining ligament length very large compared to the weld metal strip height-the
limit load is governed by the base material yield stress. For finite ratios of H/W, however,
dramatic mismatch effects are observed which can be easily quantified using the analytical
expressions derived.

4. LIMIT LOAD OF OVERMATCHED TENSION STRUCTURES

First, we assume that both base material and weld metal obey the law of rigid­
perfect plasticity, but with different von Mises yield stresses. According to the degree of
overmatching and the ratio a/ W the general slip-line field has been constructed as shown
in Fig. 14. When the yield stress of the weld metal is not much higher than that of the base
material, for a given (W -a)/H ratio, the slip-line field has the same form as the penetrating
slip-line case in undermatching condition and is shown in Fig. 14(b), which is identical to
Fig. IO(a).

On the other hand, if the ratio a/ W is small and the yield stress of the weld metal is
sufficiently high, plastic flow starts at the corner where the interface intersects the free edge
and expands only into the base material as shown in Fig. 14(c). In this case the intensity of
the strain singularity at that corner can be stronger than that at the crack tip.

Using the integration like eqn (5) and according to the slip-line fields in Fig. 14(a-e)
it is not difficult to calculate the corresponding limit loads. For crack problems the case in
Fig. 14(b) is more interesting, and similar to the undermatching condition, the limit load
based on the kinematic slip-line field can be expressed as:

4CTYWr W-a-H]
F YM.01oermatchinq.up"a hound = fi H + M

W-a
valid for~ ;:, 1 (8)

which is identical to eqn (6).
From the discussion in the previous section it was mentioned that the kinematically

compatible slip-line field leads to an upper bound solution of the limit load (Hill, 1951). In
other words, eqn (8) may give a higher value as compared with the exact solution. For
application it is important to know the difference between this upper bound solution and
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the true one, because the upper bound may lead to a non-conservative estimate of the crack
driving force.

Opposite the upper bound solution, in the classical theory of plasticity (Hill, 1951,
Koiter, 1960) there is another theorem, saying that one may solve any boundary value
problem approximately by satisfying only the equilibrium condition, the yielding condition
and the force boundary condition. This kind of solution is named a static equilibrium
solution. The static equilibrium solution leads always to a lower bound solution of the limit
load. For the structure in Fig. I the force boundary condition is

(9a)

the yielding condition is

in the base material: (Je ~ (JYE

in the weld material: (Je ~ (Jyw. (9b)

As a first order approximation, a lower bound solution can be defined as follows:
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40'YW[ W-a-H]
F YAI ,ol'crnw!chil1p)mverhound == ---------;=- H(1-2g)+ M

y3
(lOa)

where

I
g= 1-­

M'

However, according to the above mentioned theorem we may divide this structure into
several blocks as shown in Fig, 15, assuming that in each block the stresses are distributed
uniformly so that the conditions in eqns (9a, b) and the equilibrium condition in each block
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Fig. 15. Determination of the limit load for overmatching using the static lower bound theorem.

and between them can be satisfied. Then from this approximate stress distribution we may
derive a limit load which is smaller than or equal to the actual value.

From the stress distribution in Fig. 15 a better expression for the lower bound limit
load, as compared with eqn (lOa), can be obtained as follows

40"yW[ W-a-H] W-a a
F YM.overmalchingJower bound = fi H + M for~ > I, M ~ 1+ H' (lOb)

Comparing this relation with eqn (8) we find when (W-a)/H > I, (I +a/H) ?=" M

F YM,overmatching,lower bound == F YM,overmatching,upper bound

which means eqns (8) and (10) are the true solution if the conditions and requirements for
them are satisfied.

When M > (I + a/H) the corresponding slip-line fields have been illustrated in Fig.
14(a) or Fig. 14(c). Using a similar procedure we may also obtain the expression for the
limit load in these cases. Omitting the deducing process, the resulting relation is

40"yw[W-a-H ] .
FYM.overmalChing.lowerhound = fi M +H valId for (II)

5. CRACK TIP CONSTRAINT

In the foregoing analysis we have already discussed the effect of constraint in a
qualitative manner. As noted by O'Dowd and Shih (1991, 1992), the constraint may have
an effect on fracture behavior as it may change the stress-strain state around the crack tip.
O'Dowd and Shih (1991, 1992) have proposed the J-Q theory to describe the effect of
constraint at the crack tip and quantified it by the parameter

Q = 0"'I"P - 0"'P'PHRR/

(Jy ((J=O,l :;;;;r(Jy,/J~3

(12)

where r, q> denote the polar co-ordinates centred at the crack tip, the subscript HRR
represents the stress calculated from the HRR field.
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For a perfectly rigid-plastic material, O'Dowd and Shih (1992) have also suggested

Q = (J 'P'P - (J 'P'P,Prandtl I

O"Y <p=O, 1 ~rfTy/J~ 3

(13)

where the subscript Prandtl denotes the stress component calculated from the solution of
the Prandtl field as shown in Fig. 6.

For an extreme undermatching condition we have obtained the slip-line solutions as
shown in Fig. 4(a--e) in fully plastic condition, so that these solutions can be used to
estimate the stress around the crack tip for this situation, and to calculate the Q factor in
an analytical way according to eqn (13), without the need of a point-by-point finite element
analysis.

The expressions for Q from slip-line solutions for varying geometric parameters under
the condition of extreme undermatching are:

case (W-a)/H:::; 1

Q=-1.81 (14a)

case 1 < (W -a)/H:::; 1+n/2+J2; the Q factor is fitted by a polynomial in theform

Q = -3.2126+ 1.7061lf;-O.330lIjJ2 +O.0261lf;3 (14b)

where IjJ =(W-a)/H

case 1+n/2+J2 «W-a)/H

Q=O. (14c)

Figure 16 shows the dependence of the stress distribution ahead of the crack tip,
including the position where the parameter Q is determined. One sees that the value of Q
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is almost constant in a large range ahead of the crack tip. Figure 17 illustrates Q as
determined by eqns (l4a-e) and its dependence on geometry in extreme undermatching. In
this diagram the corresponding finite element results give the same results.

For overmatching and for slight undermatching, Q takes the value

(15)

when the applied load reaches the limit load.
As mentioned in the beginning of this section, extreme undermatching causes an

increase in constraint as compared to the homogeneous case which may give rise to an
increasing risk of brittle fracture, e.g., to an increase of the temperature of the ductile-to­
brittle transition of steels. With the foregoing analysis it is possible to assess this risk
quickly.

6. CRACK DRIVING FORCE ESTIMATION WITH ETM-MM

As mentioned in the first section, the prediction of the crack driving force behaviour
of a structure with a mismatched welded joint can be done by using the Engineering
Treatment Model for Mis-Match (ETM-MM).

The basic construction of the ETM-MM was already introduced in Fig. 2. The key
feature of this procedure is using limit load analysis to determine the transition point
between local yielding region and fully plastic region. For the tensile loaded centre cracked
plate (CCT) with a mismatched welded joint under plane strain condition the limit load
has been derived in the present work. Figure 18 shows an overview on the limit load
behaviour for under- and overmatching cases as a function of the ligament to weld metal
strip height ratio. This diagram shows that for very small ligament ratios «W-a)/H < I)
the weld metal properties dominate whereas for very long ligaments the base material
properties take over. The corresponding relations to calculate crack driving force are
already listed in eqns (Ia-e) using these analytical results, the crack driving force for the
mismatched structure shown in Fig. I can now be calculated immediately by means of the
ETM-MM.

In Fig. 19(a) the behaviour ofcrack driving force (with <5 5 defined as a crack tip opening
displacement) is shown for a group of specimen with varying degrees of overmatching, crack
length, and weld strip height. The applied load is normalised by the limit load of the CCT
made of homogeneous weld metal. The dependence on the geometry is obvious. Figure
19(b) shows the same data as in Fig. 19(a), but the load is now normalised by the individual
limit load and the <5 5 is normalised according to the ETM-MM procedure. All curves,
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including the ETM-MM prediction, have collapsed to narrow band, in particular in the
fully plastic region. Furthermore, Fig. 20 displays the experimental results of three under­
matching specimens (Ko~ak et al., 1988), compared with the prediction of the ETM-MM
procedure, i.e., eqns (la--e). The results shown in Figs 18-20 demonstrate clearly that the
ETM-MM procedure is powerful and reliable for failure assessment analyses of mismatch
problems.

7. CONCLUSIONS

• A group of slip-line solutions for a mismatched CCT panel with a centred welded joint
under plane strain condition has been derived. From these solutions the limit load of this
configuration is obtained for different a/ Wand a/H ratios combined with various degrees
of mismatching. The theoretical analysis has been verified by finite element calculations.

• It has been found from the slip-line solution that under the condition of extreme under­
matching and (W-a)/H ~ 5.5 the maximum peak stress does not occur at the crack tip,
but ahead of the tip with a distance several times the height of the weld metal strip. This
analytic solution agrees with the numerical result in Varias et al. (1991). The slip-line
solutions indicate that for (W-a)/H~ 7 and in the area about 1.5 times weld strip
height ahead the crack tip, the value of the maximum principal stress is constant in the
transverse direction of the weld metal strip, which agrees with the finite element calcu­
lation. Using the slip-line solutions, the value and the position of the maximum stress as
well as the hydrostatic stress can be calculated.

• From the slip-line solution the constraint factor Qnear the crack tip for a perfectly rigid
plastic material in fully plastic condition has been estimated. It shows the same tendency
as the results of the respective finite element analyses.

• The analytical results indicate that for extreme undermatching the Q factor is nearly
proportional to the ratio of (W - a)/H in the range of 1 ~ (W - a)/H ~ 4. When
4 < (W - a)/H the Q is constant as derived from the Prandtl field. These findings lead
to an important conclusion for engineering applications: for a short crack in long
undermatched welded joints, the constraint at the crack tip is higher than for a long
crack or for homogeneous conditions. Furthermore, an additional stress peak exists away
from the crack tip, which is significantly larger than the respective situation at the crack
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obtained by the slip-line solutions.

tip and may cause local cleavage cracking in materials prone to cleavage. Therefore, as
compared with the homogeneous case, the safety tolerance for these kinds of structures
may be reduced as the higher constraint conditions can alter the fracture toughness
behaviour (reducing the deformation capacity) or eventually raise the brittle-to-ductile
transition temperature .

• The comparison between the crack driving force from the finite element calculation or
test results and estimated by the ETM-MM procedure shows that this procedure is
powerful for estimating the crack driving force or load-deformation capacity of cracked
structures.

Further work on mismatch effects in other geometries IS III progress. It is mainly
focused on slip-line solutions for bending configurations (Hao et al., 1994b) and also for
the plane stress condition as well as on the three-dimensional behaviour of CCT panels
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(Hao et al., 1994c). The effect of strain hardening on the relevance of slip-line solutions
will also be looked at.
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APPENDIX I: SLIP-LINE FIELDS FOR EXTREME UNDERMATCHING

Case la: (W-a)/H:S; I (Fig. 4a)
In this case the slip-line field for undermatching is the same as for the homogeneous case, The limit load is

40'nv
F YM,.I'lIjJ-linr wf'ldstnp = ---------;=- (W -a)

y!3

and the maximum principal stress at the crack tip is

20'yw
O'yy Icrack lip = --------;=-

y!3

(AI-I)

(AI-2)

Case Ib: I «W-a)IH:s; 1+1!/2+}2 (Fig. 4b)
The slip-line field is constructed by a fan-shaped field followed by a cycloid field, see Fig, 4b, The transition

field between these basic slip-line systems was omitted. The slip-line family in the cycloid field is described as
follows

.~ -line .~ = sin - I (~) - JI - f, + C (AI-3a)

(AI-3b)

where the origin of the co-ordinate system {x" x2} is at the crack tip, and h 7" H, which is determined by the
equilibrium condition,

It is known that the slip-line radiating out from the crack tip must be inclined to the horizonal axis by 45
degrees because of the symmetry, and the resultant force in horizontal direction on the slip line NPO in Fig, 4(b)
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equals zero as the plate edge is traction-free. From these requirements and the stress connection condition at point
P we can determine the parameter h in eqns (Al-3) and the angle between the line NP and the horizontal line.
Then the whole slip-line field on the ligament is determined according to the process in Hill (1951). From the
solution the maximum principle stress at the crack tip and the limit load are fitted by polynomials as

and

with IjJ =(W-a)/H.

_ O"YW _ ') _ 2 30""1",,,,,,1' - r[ 0.423+_.9561jJ O.5711jJ +O.0452IjJ]
v/3

. 40"nv(W-a) "
}YM,I<j'./""''''Id'lnl' = r- [O.915-0.02761jJ+O.lIS51jJ- -O.OI651jJ]

v/3

(AI-4)

(AI-5)

Case Ie: I +n/2+J2 < (W-a)/H";; I +n/2+2J2 (Fig. 4c)
The slip-line field is constructed by the fan-shaped field at plate edge, followed by the cycloid field, and the

Prandtl field at the crack tip, as well as somewhere transition fields in-between. The cycloid fields are described
by

(AI-6)

As at the crack tip the Prandtl field solution governs the stress-strain field, the maximum principal stress at the
crack tip is

(2 +n)O"yW
(J22Icr(Jck lip = ,

v/3

the limit load fitted by a polynomial is given by

40"yw(W-a) 2 3
FYM.,I<p.hmw<"i""np = r [-O.637+1.03331jJ-O.1471jJ +O.0079IjJ]

v/3

where IjJ is defined in eqn (AI-5).

(AI-7)

(Al-S)

Case Id: I +n!2+2~2 < (W-a)/H";; 3.SS+2n+J2 (Fig. 4d)
As shown in Fig. 4(d), a new slip-line field, denoted as CDEHG, evolves at the right side of the Prandtl field.

Using the numerical method (Hill, 1951, Dewhurst and Collins, 1973) it is not difficult to derive the rx-fJ network,
according to the stress connection conditions on the arc CDE and the tangent condition of slip-line on the
interface. To give an overview of the slip-line field in this area, we may use the following relation to describe the
fJ family of slip-lines approximately

. x 17
fJ-lmes: - = 11 ---- + C.

H V H'
(AI-9)

These slip-lines are tangential to the interface between base and weld material and parallel to the arc DC.
Taking into account the orthogonal condition we can determine the rx family in CDH from eqn (AI-9) nearly, for
example, the line DH. In the zone DEGH, according to the Henky's theorem (Hill, 1951), all lines in the fJ family
are straight lines as the line DE is straight. The slope of the line DH is known, so that the slip-line field in DEGH
is finally determined. The slip-line field in zone EGF is similar to the cycloid field in Fig. 4b but the cycloids are
described by

X +'-'(J:')+/I_L,'+ch = sm h Y Ir
(AI-lO)

with hi' H.
Combining the stress continuity condition at the point F and the traction-free condition at the edge of the

plate one may obtain h in eqn (Al-lO) and the position of F, then the whole slip-line field in the ligament is
determined. By using the approximate expression (AI-9) and omitting the transition zone near arcs PK, EG,
the deviation of the calculated stresses, as compared with the numerical solution, is less than 3% (refer to
Appendix 2).

The maximum principal stress at the crack tip is the same as the one in the Case Ic:

The limit load fitted by a polynomial is

(2+n)O"yw
(J221('mck rip = ,'r-'

v/3
(AI-II)
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4u yw(W-a) 2 ]
FYM.dip-'m,wddmip ~ , [1.693-0.04971/t+0.02'" -0.00076'" 1

v3
(Al-12)

where I/t is defined in eqn (AI-5).

Case Ie: 3.88+2n+)2 «W-a)IH (Fig. 4e)
The structure of the slip-line field is similar to the Case Id, however both the field DEGH and field EFG

expand to the interface of the two materials. The cycloid field EFG, similar to eqn (Al-lO). is described by

x _. (y) f:7H= +Slll-I H ±-Jl-y;+C.

The maximum principal stress at the crack tip is given by

The limit load fitted by a polynomial is

4u yw(W-a)
FYM..•lip_lin,wddmip = , [1.1896+0.12264"']

V3

where I/t is defined in eqn (AI-5).

APPENDIX 2: TRANSITION ZONE BETWEEN BASIC SLIP-LINE SOLUTIONS

(AI-l3)

(AI-14)

(AI-IS)

As indicated previously. to avoid tedious numerical analyses we may omit the transition zone surrounding
the arc EG and PK in Fig. 4(b--e) to obtain a simple analytical solution. How large is the deviation caused by this
simplification? This question is still open. Because of the limited space. in the following we shall discuss only one
typical example: the effect of this simplification to the Case Id in Appendix I. that is. in the area near the arc PK
at the right side of the slip-line field shown in Fig. 4(d).

In this case we may first let the stress continuity condition of the a-line on FPN be satisfied without transition
zone, but the p-line PK, the boundary of the fan-shaped field KNP, is not exactly coincident with the cycloid field
FKP. The stress discontinuity is zero at point P but increases along the arc PK. It reaches its maximum value at
point K. From the cycloid field the stress in vertical direction at point K is:

U
yw

[ / nJu22.KI,ydoid-/ield = fi 2- y 2+ '2 .

The same stress component calculated from the fan-shaped field at point K is

2u yw
0" 22,KI./im-Jhaped-tield = ----r;: .

y3

The fractional deviation between both is

(A2-1)

(A2-2)

(J 22,K I ,ycloid-jield - (J 2 2,K Ifan-shupcd~/idd

(J 22,Klfan-.~haped=fiefd

nI2-)2
--2- ~ 0.047. (A2-3)

APPENDIX 3: LIMIT LOAD FOR PENETRATING SLIP-LINE FIELD

From Fig. lO(a) and the previous discussion in this paper it was shown that the slip-line includes an angle of
45' with the hori]':ontal axis. According to the traction-free condition at the edge of the plate, u" on the slip-line
must be 2u yBIJ3, where U YB denotes the yield stress of the base material. According to the stress connection
conditions introduced in Appendix 4. eqn (A4-4a), an expression of limit load can be defined as

(A3-la)

Ifwe assume that there is a stress jump on the slip-line at the interface and the yielding condition must be satisfied
on the slip-line in the weld metal, !!os illustrated in Fig. 15 for both over- and undermatching. u" on the slip-line
in the weld metal must be 2u ywlJ3. The limit load in this case is

4UYW [ w-a-HJF YAJ JJr:,netrating slip-line = ----r H + M .
y3

The finite element analysis indicates that eqn (A3-lb) is nearer reality.

(A3-lb)
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APPENDIX 4: DISCONTINUITY OF SLIP-LINES CROSSING THE INTERFACE
BOUNDARY
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In Fig. Al the line L is an interface and the superscript" +" or" -" represents the quantity in either material.
Consider an infinitesimal element on L, from the stress continuity condition we have:

and it is allowed to set

(Ii #- (J/-.

From the equilibrium condition at both materials we have the relation

and

(A4-I)

(A4-2)

(A4-3a)

(A4-3b)

where edenotes the helix angle of an (1. family slip-line, am is the mean stress, k represents the shear yield strength
of the material and ( is the angle between the normal vector of the interface and the xI-coordinate (see Fig. AI).

Substituting eqns (A4-3a, b) in eqn (A4-1) the following conditions of the stress components for a slip-line
field across an interface can be obtained (Prager, 1953):

and

k' cos2(O" ~O = k cos2(O- -0.

(A4-4a)

(A4-4b)

Then we consider the displacement continuity condition of a slip-line field across an interface. Looking at Fig. AI
at point A on L the displacement continuity condition must be satisfied if the interface does not coincide with a
slip-line:

(A4-5)

where Vh Vl represent the velocity (rate of displacement) in XI and Xl directions, respectively.
If the interaction coincides with a slip-line, the displacement continuity condition degenerates to:

(A4-5')

Obviously at any point on the interface, for example, at point B on L in Fig. AI, the continuity condition must
be satisfied. From the well-known relation suggested by Geiringer (1930) it is

on an a-line: du, = VI' dO

on a {3-line: dUfi = 1;, dO

where 0 is the angle between the ,I. slip-line and horizontal axis, the subscripts a, {3 represent the velocity (rate of
displacement) in a line and v line directions. From Geiringer's relation one can obtain directly the following
sufficient condition for the displacement continuity of a slip-line field across an interface:

(A4-6)

When the slip-line field degenerates into a single slip line, the infinitesimal element on L (Fig. AI) vanishes, so
that in this case only eqn (A4-5) holds as the necessary and sufficient condition.

L

.........'--_---J'--__--;~ Y

~ ~

Fig. A I. Graphical explanation of the slip-line discontinuity at an interface.
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Fig. A2. A general solution of the slip-line field for slight over- or undermatching.

It is easy to prove that all variation principles, derived for a homogeneous body that may contain stress
discontinuities, are also applicable to a solid body composed of two materials joined by an interface, if on the
interface there is no debonding. This is because in this case an interface does neither generate new boundary
conditions or exhaust extra energy, the virtual work rate principle for the body, for example, as shown in Fig. AI,
is

(M-7)

where S denotes the boundary, LS+ and LS are the interface, corresponding to V+, V ,respectively. Obviously,
when there is no debonding :

and

The virtual work rate equation becomes

. f C

J
+ V+ (Ji/'iJ dV = TividS+J TulvLiJdS

I~- S LA

(M-8)

which is the same as in the homogeneous case with some local displacement discontinuities, such as slip-lines.
Now we go back to the configuration in Fig. lOCal, where

n
k '

ayS
k

aY~f

I, = 2 fi fi
(A4-9)

A general form of slip-line field as shown in Fig. A2 can be constructed. Using eqns (A4-4a, b) and (A4-6) one
may determine the angles e+ and 0- and tle at the interface. However, it is obvious that smaller radii f" f, in Fig.
22 and narrower slip-bands (smaller Bs) lead to less plastic energy dissipation and correspond to a lower limit
load. The limiting case is that f" f 2 and Bs approach zero, so that the slip-line field degenerates into the field
shown in Fig. lOCal and the corresponding limit load is given by eqn (A3-1).

We can also investigate this problem in another way. Considering the upper quarter of the plate in Fig. 7 and
separating it into two parts, one may obtain a solution as shown in Fig. 15, which satisfies the global equilibrium
condition and displacement compatibility condition, but for undermatching in some local areas the yielding
condition may not be satisfied, so that in this case an upper bound solution of the limit load of the structure, as
expressed in eqn (A3-1), can be derived from the slip-line field in Fig. IO(a).


